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Abstract

A simple effective method for calculation of EPR spectra from a single truncated dynamical trajectory of spin probe orientations is
reported. It is shown that an accurate simulation can be achieved from the small initial fraction of a dynamical trajectory until the point
when the autocorrelation function of re-orientational motion of spin label has relaxed. This substantially reduces the amount of time for
spectra simulation compared to previous approaches, which require multiple full length trajectories (normally of several microseconds) to
achieve the desired resolution of EPR spectra. Our method is applicable to trajectories generated from both Brownian dynamics and
molecular dynamics (MD) calculations. Simulations of EPR spectra from Brownian dynamical trajectories under a variety of motional
conditions including bi-modal dynamics with different hopping rates between the modes are compared to those performed by conven-
tional method. Since the relatively short timescales of spin label motions are realistically accessible by modern MD computational meth-
ods, our approach, for the first time, opens the prospect of the simulation of EPR spectra entirely from MD trajectories of real proteins
structures.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Multi-frequency electron paramagnetic resonance
(EPR) with spin labels emerges as a particularly valuable
advanced spectroscopic method for studying complex pro-
tein structure and dynamics with the advantage of being
applicable to large proteins, to protein complexes in solu-
tion phase as well as in membranes and micelles and even
on the surfaces of whole cells [1–6]. In proteins spin labels
are introduced by genetic techniques with nitroxide probes
attached to cysteine residues engineered into selected sites
by directed mutagenesis. The nitroxide group which is posi-
tioned at the desired location on the protein serves as a
reporter of local structure and dynamics [3,7].

By placing spin labels along a polypeptide chain a
unique set of local structure data and protein chain dynam-
ics is observed. EPR acts as a ‘‘snapshot’’ of very fast
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molecular motions and can resolve re-orientational dynam-
ics of the attached spin label on a sub-nanosecond time-
scale. But EPR spectra are generally not easy to interpret
and require full computer simulation. Considerable effort
has been attempted in the past in developing a theoretical
framework for the simulation of EPR lineshapes. Cur-
rently, there are two general theoretical approaches to the
simulation of the EPR of spin labels undergoing motions
with orientational constrains. First, the model developed
by Freed and co-workers based on the stochastic Liouville
approach [8,9]. The second, described by Robinson et al.
[10], is based on the simulation of EPR spectra from
Brownian rotational diffusion trajectories of spin-label ori-
entations. The method by Freed and co-workers has been
widely applied to study proteins, amorphous polymers
and nucleic acids with remarkable success [1,11–13]. The
advantage of this model is its relative ease of simulation
and analysis when simple forms of ordering potential are
considered. However, this method requires restoring
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potentials expressed analytically in terms of spherical har-
monics with adjustable coefficients and becomes inadequate
for complex potential energy surfaces. Most recently, Fajer
et al. [14] have reported a method for calculating these coef-
ficients from the probability distribution obtained from
MD simulation. Although this approach provides all the
information about tilt angles and ordering directly from
MD calculations, varying coefficients within the uncertainty
bounds obtained from the MD analysis was required to
improve the fits. More importantly, the method depends
on varying the principle diffusion tensor rates as adjustable
parameters to fit EPR spectra. For such complex averaged
potential energy surfaces, obtained from MD simulation
the Brownian dynamics trajectories (DT) approach is more
appropriate. Once the averaged potential surface is defined,
the nitroxide can be approximated by a single particle
exposed to a mean force, resulting from this potential. This
approach, which is based on the numerical solution of
Langevin equation, has been successfully used by Steinhoff
and Hubbell for the simulation of X-band EPR spectra of a
spin labelled poly-leucine a-helix trimer [15] and by White
et al. to monitor changes in colicin protein complex [16].

Despite the enormous success, both stochastic Liouville
and Brownian DTs approaches have several limitations: (i)
they are based on approximate models of motion and can-
not be routinely applied in general case; (ii) they rely on a
number of parameters to describe motions, such as, rota-
tional diffusion tensors of the spin label and protein
domain and parameters which describe, or at least are
needed to improve the description of motional constrains;
and (iii) both methods require the fitting of adjustable
parameters. Because of the large number of parameters
involved, the solution need not be unique and may also
be difficult to find. The situation is further complicated
by the fact that, in general, the potential energy surface
of the motions of a spin label tether and the surrounding
protein atoms is a complicated function of space and can-
not be easily described by a limited number of parameters.

For these reasons, it is important to develop a method
so that the dynamics of spin labelled molecule under study
could be modelled on a computer, and an EPR spectrum
simulated directly. The importance of such a method has
been recognised previously [17]. A MD trajectory gener-
ated by the modern molecular modelling techniques con-
tains all the information necessary to calculate the EPR
spectrum. Several examples of MD simulations for biomo-
lecular systems with spin labels and probes have been
reported in the literature. This include spin-labelled lipids
[18], photosynthetic units [19], spin labelled T4L, myosin
[17,20] and bacteriorhodopsin [21]. The simulations were
carried out to extract EPR relevant information, such as
the effective potential energy surfaces, rotational diffusion
constants and order parameters. Simulation of EPR spec-
tra require long dynamical trajectories to ensure a proper
Fourier integration of the time-domain EPR signal
[10,17,22]. MD trajectories generated by modern comput-
ers are still too short for this purpose. Only a few attempts
have been made to use the results of MD calculations to
simulate EPR spectra. The need for dynamical trajectories
substantially longer than those attainable by MD calcula-
tions imposes a major challenge and requires additional
theoretical modelling. Westlund and co-workers [18,23]
have employed the extrapolation of free induction decay
generated from MD trajectories using so-called ‘‘flexible
Brownian dynamics model’’ while Stoica [20] used
‘‘appended’’ trajectory from short MD trajectories. The
latter method requires the absence of high jumps in the
vicinity of the points of appendage which is problematic.

In the present paper we formulate a so-called ‘rapid’
method for the accurate simulation of the EPR spectra
from the small initial fraction of dynamical trajectory
(DT) until the point when the auto-correlation function
of re-orientational motion of spin label has relaxed. This
approach is based on the fact that the time scale of the spin
label motion is much shorter than the total sampling time.
Experimental and computational studies on various
labelled proteins indicate that diffusion motion of a spin
label does not exceed the time scale of several nanoseconds
[17,22,24,25]. For example, according to studies on the reg-
ulatory domain of scallop myosin [17], most trajectories of
spin label orientations converge within 1 ns with potential
energy and RMS differences remaining stable over longer
periods of time (�6–10 ns). This research shows that the
overall motion is a superposition of the fast motion contri-
bution, when the label explores the conformations about a
central dynamic mode of restriction (50 ps), and a slow
motion, when the spin label samples different modes
(�0.5 ns). Therefore, all the information required to simu-
late EPR spectra should be contained in the sampling tra-
jectory on the much shorter timescale of the correlation
time of the spin label orientations, the decay time of the
autocorrelation function. These times can in fact be readily
accessed by modern MD simulation methods. We have,
therefore, developed a numerical procedure to extrapolate
the rest of the time dependent magnetisation trajectories
with high accuracy.

Our method is illustrated using DTs generated from the
Brownian Dynamics diffusion model. Several types of spin
label motion, both isotropic and restricted with different
rotational diffusion correlation times, have been used to
simulate EPR spectra and the results compared to those
simulated by conventional algorithm using long DTs.
Lastly, we discuss the application of this method to the case
of multi-modal dynamics of spin label. The method
reported in this paper opens for the first time the way for
direct simulation of EPR spectra of proteins from a single
MD trajectory.

2. Method

A general approach to direct EPR spectral simulation is
first to generate a large number of trajectories of records of
molecular and spin-label orientations [10]. These trajecto-
ries are then used in the equation for the spin density



Fig. 1. Nitroxide spin label. (a) the molecular structure and (b) the
orientation of the principal axes of magnetic tensors g and A relative to
applied magnetic field (Z-axis of laboratory coordinate system) and to a
vector of a mode of motion within the protein domain (Z 0-axis of the
protein fixed coordinate system). At each particular time the position of
spin probe in the laboratory system is calculated using the product of two
matrixes L00 Æ L 0(X(t)). L 0(X(t)) transforms the nitroxide coordinate system
into the protein fixed system and L00 rotates the protein system into
laboratory fixed coordinate system (see the text).
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matrix to define the time-dependent stochastic part of the
spin-Hamiltonian at each particular discrete moment of
time. Numerical solutions of this equation provide the time
dependence for the transverse spin magnetisation for each
particular initial orientation of the spin probe. The contri-
butions to the CW EPR spectrum are then given by the
Fourier transform of each magnetisation trajectory.
Finally, the total line shape intensity is averaged over all
possible initial orientations with the proper equilibrium
distribution. The trajectories and magnetisation vectors
are sampled N times at intervals Dt for a total time interval
T = NDt, where time resolution Dt is defined by the
Nyquist criteria [26]. A typical EPR total spectral width
of a nitroxide spin label, say, at X-band is about 80 G
and at W-band is 155 G. To achieve the desired resolution
of �0.1 G between frequency points after Fourier trans-
form a trajectory should be T > 2 ls [10]. To generate a
reliable trajectory of such a length from MD simulations
is computationally very demanding even for a moderate
size molecule and, in the most cases, simply impossible.
Therefore, it is not surprising that at the present there is
no general method to simulate EPR spectra directly from
a DT generated from molecular modelling.

Following Robinson et al. [10], the transverse magneti-
sation curve for each of the three hyperfine lines of a nitr-
oxide spin label is calculated using the following integral
form:

hMm
þðtÞi ¼ hMm

þð0Þi exp � i

Z t

0

xmðsÞdsþ t
T m

2

� �� �� �
ð1Þ

where Æ� � �æ indicates the ensemble average and the Larmor
frequencies for the three hyperfine lines xm(t) are the func-
tions of the orientation trajectory X(t) according to:
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B is the value of magnetic field, m is the projection of the
nitrogen nuclear spin on its quantisation axis, which for
14N is equal to ±1, 0. The principal values of the g and
A tensors, respectively, are gii, Aii with DA = Azz � A^
and lZx(X(t)) = sinh(t) sin/(t), lZy(X(t)) = sinh(t) cos/(t),
lZz(X(t)) = cosh(t) denote the direction cosines between
the nitroxide and laboratory axes which are the matrix ele-
ments of the transformation L(X(t)) that rotates the nitrox-
ide axes into the laboratory axes [15] (see Fig. 1). The
expressions for the resonance frequencies xm(t) are ob-
tained using the high field approximation which assumes
that hyperfine interaction is much less then the Zeeman
one [15]. The time dependent fluctuations of xm(t) are
caused by Brownian motion. In order to account for homo-
geneous line broadening of the EPR spectrum, the trans-
verse relaxation time T m

2 is introduced. A special
correlation function CðtÞ ¼ hlZzðXðtÞÞ � lZzðXð0ÞÞi in the
equation for AZZ accounts for the time averaging of the
pseudosecular terms in the spin-Hamiltonian due to re-
orientational motion [15] where the value is taken at time
h/DA.

This DT approach, first introduced for fast motional
limit [10] has later been improved by Steinhoff and Hubbell
[15] by introducing non-secular terms into the calculation
to cover the entire motional range. As will be shown later
the improved version of Robinson’s algorithm constitutes
an appropriate base for the application of the method pre-
sented in this paper.

Our approach is based on the fact that the time depen-
dence of the transverse magnetisation curve when the cor-
relation function of the orientation of a spin probe has
completely relaxed (�10sc) is characterised by two param-
eters, namely, the stationary limit reached by the statisti-
cally averaged frequency of oscillation in the xy

laboratory coordinate plane:

�xm ¼ 1

T

Z T

0

hxmðsÞids ð3Þ

and the relaxation rate of the averaged transverse magnet-
isation, km.

The de-phasing of magnetisations is caused by the mod-
ulation of DxmðtÞ ¼ xmðtÞ � xm due to the re-orientational



Fig. 2. (a) Evolution of 6 transverse magnetisation trajectories M1
þiðtÞ of

the m = 1 hyperfine line for isotropic Brownian rotational diffusion of spin
label orientations with sc = 1 ns with the same initial orientation ziB (solid
lines). Time evolutions are calculated in rotating frame. Magnetisation
trajectory hM1

þðtÞi averaged over 500 full length Browniad DTs is shown
by circles. (b) Comparison between averaged magnetization curve
calculated by the conventional method using full length 500 DTs (dashed
line) and by our new approach using single truncated DT of 20sc in length
(solid line). The bold solid line represents the averaged magnetization
trajectory calculated numerically from the same truncated DT. Inset
shows the time evolution of the averaged frequency Æx1(t)æ, solid line.
Evolution of the averaged frequency, but for isotropic rotational diffusion
with sc = 5 ns (dashed line), is shown for comparison; x0 indicates
microwave frequency of the X-band.
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dynamics of the spin probe. T in (3) should be sufficiently
long and for practical reasons the integral is taken over
the period of time T P 10sc when the stationary limit has
been reached.

For each hyperfine coupling line defined by the projec-
tion m of the nitrogen nuclear spin the actual value of
the statistically averaged frequency depends on the initial
orientation of a spin probe relative to a magnetic field
and on the degree of constraints imposed on its motion.

Depending on the motional regime of spin label one
should differentiate two cases.

2.1. Fast motional limit

In the fast motional limit (ÆDx(t)Dx (0)æ)�1/2� sc,
where sc is the correlation time of spin label motion, a Red-
field approximation [27] can readily be used to calculate the
relaxation rate. Fig. 2 illustrates the de-phasing of the aver-
aged transverse magnetisation. Solid lines in Fig. 2a repre-
sent six magnetisation trajectories which eventually evolve
out of phase from the same initial orientation. Circles in
Fig. 2a show the magnetisation averaged over 500 Brown-
ian DTs. This regime assumes that the motion is so fast
that the de-phasing rate does not vary during the measure-
ment interval. The de-phasing of magnetisation, caused by
the modulation of the spin-Hamiltonian due to the re-ori-
entational dynamics, can be accounted by time dependent
perturbation theory [28]. According to the first-order per-
turbation theory the probability of transition in a time t

for a single spin is given by:
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Defining t 0 � t00 = s this can be presented as:
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The average ÆWm(t)æ should be taken on a stationary
ensemble and therefore does not depend on the zero of
time, in other words:

hDxmðt0ÞDxmðt0 � sÞi ¼ hDxmð0ÞDxmð�sÞi ¼ Gmð�sÞ ð6Þ

Eq. (6) defines the correlation functions Gm(s) for D xm(t).
Taking into account the fact that the classical equations

of motion are reversible we have:

GmðsÞ ¼ Gmð�sÞ ¼ hDxmð0ÞDxmðsÞi ð7Þ

After the averaging Eq. (5) reduces to the following
form:

hW mðtÞi ¼ t
1

2

Z t

�t
GmðsÞdsþ

Z t

0

sGmðsÞds ð8Þ
If t� sc the ratio of the two integrals in (8) is approxi-
mately t/sc, and the second one can be neglected compared
with the first. A transition probability per unit time, the de-
phasing rate, is defined as:

km ¼ hW mðtÞi=t ¼ J mð0Þ=2 ð9Þ

where Jm(0) is the spectral density at zero frequency given
by the Fourier transform of the time correlation function:

J mðxÞ ¼
Z 1

�1
GmðsÞ expð�ixsÞds ð10Þ
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In the latter expression the integration limits are
replaced by +1 and �1. In practical terms, as in (3),
the limits for numerical integration of (9) can be replaced
by �10sc, the time when all Gm(s) completely relax and
the averaged frequencies Æxm(t)æ reach their stationary lim-
its. From this approximation one immediately realises that
our method does not require the full length of DT to sim-
ulate the evolution of transverse magnetisations. An accu-
rate simulation of the EPR spectra can be achieved from
the small initial fraction of DT up to the point when the
autocorrelation function of re-orientational motion of SL
has relaxed (�10sc). The magnetisation trajectories can
be predicted using (3) and (9). This is illustrated in
Fig. 2b for an isotropic rotational diffusion of spin label
with correlation time of 1 ns. The solid line represents the
transverse magnetisation averaged over 500 DTs calculated
for a total time interval of 0.4 microseconds. The dashed
line is the prediction using Eqs. (3) and (9) and the trun-
cated trajectory of �10 ns in length. Additional relaxation
observed in the Fig. 2b as compared to a pure de-phasing
curve shown in Fig. 2a is due to homogeneous line broad-
ening in the spectra described by T2. Note, that in this par-
ticular case strong homogeneous broadening effectively
reduces the sampling time T for DT, which is not generally
the case. The difference between the two curves is scarcely
distinguishable. The solid line in the inset shows the time
evolution of the averaged resonance frequency which
reaches stationary limit within 10 ns interval. Note an
interesting fact associated with the stationary processes
that the relaxation rate of transverse magnetisation, which
describes the dynamics of the system out of equilibrium,
can be evaluated from the properties of the system at
equilibrium.

Generally, the correlation time is defined as:
sc ¼

R1
0

CðtÞ
Cð0Þ dt [22], where the zero-order correlation func-

tion C(t) can be readily calculated from a Brownian or
molecular DT. In a simple case when Gm(s) = Gm(0)exp
(�jsj/sc) the equation for the de-phasing rate reduces to a
well known form [29]:

km ¼ sc

2
hjxmð0Þ � �xmj2i ð11Þ

At the opposite limit of completely restricted motion
(the rigid limit) xmðtÞ � �xm ¼ 0 for all times t and the
motional contribution to relaxation is equal to zero,
km = 0.

In our approach the Cartesian matrix L 0(X(t)) of spin
label orientations in a protein coordinate system associated
with the DT X(t) is calculated numerically over the period
of time long enough to obtain reliable estimates for the cor-
relation functions Gm(s). The statistical average is com-
puted with the ‘‘sliding time window’’ technique [22] with
the overall length of the trajectory T � (20–30)sc. Only
one trajectory is generated. Finally to account for the ran-
dom distribution of protein molecules relative to the mag-
netic field, a unitary transformation L00 to a laboratory
fixed system, whose Z-axis is defined along the applied
magnetic field, is performed to obtain the direction cosines:
lZi(X(t)) = iL00 Æ L 0(X(t))iZi. This calculation procedure is
applied to each of the three 14N hyperfine coupling lines
contributing to EPR spectra. The contributions to the
EPR absorption spectra are then given by the Fourier
transform of each magnetisation trajectory. For the range
of correlation times used in this paper �900 points within
the octant of a unit sphere were sufficient to simulate a
spectrum with acceptable signal-to-noise level.

2.2. Slow motional limit

In the slow motional regime (ÆDx(t)Dx (0)æ)�1/2
6 sc the

Redfield approximation is no longer valid. In other words,
the autocorrelation functions Gm(s) relax slowly during the
time t of the measurement of transverse magnetisation
hMm

þðtÞi and there are no reliable parameters to predict
the behaviour of hMm

þðtÞi from the start. However, one
can immediately realise that the very form of the evolution
of transverse magnetisation (1) is formally an expression
for a general de-phasing model with the phase being the
time-integral over the fluctuating component of the energy
difference [30]. After the correlation function for resonance
frequency has completely relaxed the phase can be pre-
sented as a sum of two components:

/mðtÞ ¼ txmðt0Þ þ
Z t

0

Dxmðt0Þdt0 ð12Þ

Since limt!1ð/mðtÞ=tÞ ¼ �xm, limt!1
1
t

R t
0 Dxmðt0Þdt0

	 

¼ 0

and the fluctuating phase difference around the averaged
frequency due to the stochastic motion of the spin label
described by the second term in (12) has a finite variance
and according to the central limit theorem [31] can be taken
to be a Gaussian random variable, at least approximately
[30]. For the Gaussian stationary process one can evaluate
explicitly the average over the fluctuating phase factor
using a known relation [32,33]:

hexpði/mðtÞÞi ¼ exp it �xmðtÞ � 1

2
hDxmðtÞ2i

� �
ð13Þ

where

hDxmðtÞ2i ¼
Z t

0

dt0
Z t

0

hDxmðt0ÞDxmðt00Þidt00 ð14Þ

For times t > 10sc we can approximate this as:

hDxmðtÞ2i ¼ t
Z 1

�1
hDxmð0ÞDxmðsÞids ¼ tJ mð0Þ ð15Þ

which together with the statistically averaged frequency �xm

are formally equivalent to the parameters describing the
transverse magnetisation at the fast motional limit.

Therefore, we can draw an important conclusion, that at
times when the autocorrelation function for the resonance
frequency fluctuation has completely relaxed, the rest of
the magnetisation can be approximated using two parame-
ters, namely, �xm and km of the stationary process under
both motional regimes. This is illustrated by Fig. 2b, where
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the bold solid line represents averaged magnetisation tra-
jectory calculated numerically from a single DT for the
time interval 0 6 t 6 10sc. The rest of it is predicted using
(3) and (9).
2.3. General numerical procedure for EPR spectra simulation

Overall, the following computational procedure can be
applied to cover both motional regimes.

1. A single dynamical trajectory is calculated for the
T � (20–30)sc time interval long enough (normally
between 1 ns and �20 ns) to allow a statistical average
of hMm

þðtÞi to be performed using a ‘‘sliding time win-
dow’’ technique. For this time interval the evolution of
hMm

þðtÞi for each initial orientation lziðXð0ÞÞ relative to
magnetic field is calculated numerically using Eq. (1).
The numerical counterpart of it is obtained using dis-
crete times Dt giving the solution at each time step [10]:

hMm
þðtþ DtÞi � hMm

þðtÞi expð�ði�xm þ 1=T m
2 ÞDtÞ

� hexpðDxmðtÞDtÞi ð16Þ

2. Two parameters described by (3) and (9) are calculated
from this single DT for each particular orientation rela-
tive to the magnetic field and are used to predict the rest
of the appropriate transverse magnetisations.

3. Finally, the Fourier transform of each magnetisation
trajectory provides the contribution to the EPR spec-
trum. The total lineshape intensity must be averaged
over all possible orientations in solution.

In the next section we will demonstrate the results of the
tests of this method using generated Brownian DTs with a
range of motional conditions and compare the results with
the spectra simulated by conventional computational
approach. We will also address the issue multi-modal
dynamics of spin label motion often observed in EPR
spectra.
3. Applications using short single Brownian DTs

We have tested our approach by the simulation of
X- and W-band EPR spectra using Brownian rotational
dynamics model of spin label motion. Tests have been per-
formed for the spin label undergoing different rotational
diffusion regime from fast to slow. Different types of
motion, namely, isotropic, restricted by ordering potential
and more complex dynamics involving examples of fast
and slow diffusion between two rotameric states have been
modelled. The differences between EPR spectra simulated
using statistically averaged full length Brownian DTs and
using a single truncated DT are minimal.

Simulation of EPR spectra by the conventional method
with full length Brownian DTs generated from the solution
of Langevin equation has been described elsewhere [15,16].
In brief, we have combined the Brownian dynamics
approach with the introduction of ordering potentials for
restricted mobility which are expressed using spherical har-
monics. The details of how the potential is described by
spherical harmonics can be found elsewhere [8,14]. The
DT of a restricted motion is generated by a numerical solu-
tion of the Langevin equation with associated systematic
torques [15]. Analytical expressions for systematic torques
have been derived and are included in our simulation pro-
gram EPRSSP_DYN [16]. The dynamics is approximated
by a particle undergoing a Brownian rotational motion
exposed to the mean force of a restoring potential imposed
by the protein. This type of motion is associated with an
order parameter S, calculated from the dynamical trajecto-
ries generated according to:

S ¼ 1=2ð3hcos b2i � 1Þ ð17Þ
where b is the angle between the z-axis of the spin label and
the vector of the mode of the motion directed along the
minima of a restricted potential in the protein domain
(Fig. 1b). The average is taken over all dynamical trajecto-
ries and at all points of time along the trajectory until the
rotational correlation function relaxes. The following prin-
cipal values for magnetic parameters: gxx = 2.0073, gyy =
2.0073, gzz = 2.0025; Axx = Ayy = 6 G, Azz = 36 G are used
for all simulations.

In order to speed up the overall calculation, we have
presented the Langevin equation in matrix form. This
allows us to calculate points for a large number of trajecto-
ries for every initial orientation at the same time. At each
particular time (t + Dt) a normal distribution random num-
ber generator function is used to generate a matrix of ran-
dom numbers with the number of rows and columns equal
to the number of trajectories and initial orientations,
respectively. This matrix is then used to calculate new ori-
entations from orientations at time t. The contributions to
the EPR absorption spectra are then given by the Fourier
transform of each magnetisation trajectory and proper ori-
entational averaging. For the range of correlation times
used in this paper, 500 and 1000 Brownian trajectories
for X- and W-band, respectively, and 900 points within
the octant of a unit sphere were sufficient for simulations.

3.1. Fast motional regime

Fig. 3 shows comparison between X- and W-band EPR
spectra simulated by a conventional method and those sim-
ulated from a single truncated Brownian DT using Eqs. (3)
and (9) in the fast motional approximation. For each initial
orientation of the spin probe relative to a magnetic field
these two equations are applied to predict appropriate
transverse magnetisation curve. Statistical averaging is per-
formed using the technique of ‘‘sliding time window’’. Pairs
of simulations (a and b) and (c and d) represent isotropic
and restricted types of motions, respectively, with different
correlation times for rotational diffusion. Orientational tra-
jectories of the spin label used in the simulation of spectra
(a and c) in Fig. 3 in which the directional cosine



Fig. 3. Fast motional regime. Comparison between X- and W-band EPR
spectra simulated with the method based on full length DTs (dashed lines)
and the one based on the single truncated DT (solid lines). 500 DTs and
1000DTs are used with the conventional method in the simulation of
X- and W-band spectra, respectively. (a) sc = 0.01 ns, S = 0; (b) sc = 0.5 ns,
S = 0; (c) sc = 0.01 ns, S = 0.61; and (d) sc = 0.5 ns, S = 0.58.

Fig. 4. Orientational trajectories of the spin label used in the simulation of
EPR spectra by ‘‘rapid’’ method. Directional cosine l0ZzðXðtÞÞ of spin label
orientation is plotted over time. (a) sc = 0.01 ns, S = 0; and (b)
sc = 0.01 ns, S = 0.61.
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l0ZzðXðtÞÞ ¼ cosðbðtÞÞ is plotted over time are shown in
Fig. 4 (a and b), respectively. All eight simulations demon-
strate that for X- and W-bands the fast motional regime
holds when sc 6 1ns and the accurate simulation of EPR
spectra can be achieved using (3) and (9) to predict magnet-
isation trajectories for the entire time range. For higher
microwave frequencies the upper limit for correlation time
should be scaled inversely.
3.2. Slow motional regime

Fig. 5 shows a comparison between the simulations of
X- and W-band EPR spectra using the old conventional
and the new methods in the slow motional regime. Spectra
simulated by the conventional method with full length tra-
jectories and by the procedure outlined in the previous sec-
tion are shown in as curves solid (a) and dashed (a) curves,
respectively. The solid curves (b) in each plot are obtained
using Eqs. (3) and (9) applied over the entire time range of
magnetisation curves. Clearly, the neglect of the numerical
simulation of the initial fraction of magnetisation curve
results in an inadequate simulation of spectra. In particu-
lar, both X and W-band simulations lack the high field fea-
tures, which tend to be ‘‘averaged out’’. In addition, the
position of the low field peak in the X-band simulation is
shifted towards high field and the central features in the
W-band spectrum are ‘‘smeared out’’. Both are artefact
effects due to ‘‘inappropriate averaging’’. On the other
hand, simulations performed from a single truncated DT
with the numerical calculation of the evolution of magnet-
isation curves until the autocorrelation function of spin
label motion has completely relaxed are almost indistin-
guishable from the ‘‘exact’’ simulations. In fact, the



Fig. 5. Slow motional regime. Comparison between X- and W-band EPR
spectra simulated by the method based on full length DTs (dashed lines –
a), ‘‘rapid’’ method in the fast motional approximation (solid lines – b)
and using ‘‘rapid’’ method with the proper numerical procedure for slow
motions described in the text (solid lines – a). The number of trajectories
used by conventional method are the same as in Fig. 4. sc = 5 ns, S = 0.58.
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simulation of the W-band spectrum from a single DT
appears to be smoother than the one calculated using the
ensemble of DTs. For W-band spectra a number of trajec-
tories larger than 1000 is required to improve the quality of
spectrum which will result in a substantial increase of com-
puting time.

It is worth noting that because of the use of approxima-
tions one could assume that the speed in computation by
the new method should be achieved at the expense of some
accuracy. However, it is important to recognise that the old
method is based on the numerical solution of Eq. (16) for
the thransverse magnetisations for the full lengths of DTs
while the new approach requires numerical integration only
along the initial truncated part of the DT. This, in princi-
ple, can generate an accumulative error in the old method
comparable to or even larger than the one associated with
the approximations of the new method.

3.3. Bi-modal dynamics

In this section examples of more complex types of spin
label dynamics are considered. Experimental EPR studies
[16,34], MD simulations [17,20,22] and X-ray crystallogra-
phy [35] on spin labelled proteins indicate that in many
cases the spin probe trajectory can be approximated by
so-called bi-modal dynamics. A common feature observed
in the autocorrelation profiles obtained from MD simula-
tions is that spin label exhibits a fast internal motion within
the modes (�10–100 ps) and a slow diffusion between the
modes (100 ps and 1 ns) [20,22]. The observation of two
independent modes having two different correlation times
and restrictions is not uncommon in spin label EPR and
is usually seen where the motion of the side chain is par-
tially restricted. This is less likely if the motion is either
highly restricted or very mobile [16,34,35].

In order to describe multi-modal dynamics of spin label
we have introduced into the Brownian DT program a so-
called ‘‘hopping’’ model of the spin label [16]. This assumes
an additional slow component in the motion due to transi-
tions between localised modes described by forward and
backward hopping rates between each pair of discrete rota-
meric states. In the case of only two modes of motion this
model reduces to the two-jump problem described in [10].
For ordered, or non-evenly distributed, samples each
‘‘jump’’ between a pair of states would require a unitary
transformation of the spin label orientation described by
a rotational matrix connecting the dirtections of two modes
of motion within a protein domain. For randomly oriented
molecules this operation is not necessary since all possible
orientations relative to magnetic field are taken into con-
sideration at each particular time step. In order to generate
the evolution in time associated with the ‘‘jumps’’ between
different states the dynamic Monte Carlo simulation algo-
rithm has been applied [36].

Fig. 6 illustrates the application of the new method for
the simulation of EPR spectra for three different hopping
rates between two modes of motion, namely isotropic
and restricted along an axial potential with S = 0.62.
Appropriate X-band spectra of individual modes are
shown as curves (a and c) in the top panel of Fig. 3. In
all simulations the forward and backward hopping rates
are equal to each other. The solid line (a) in Fig. 6 shows
the simulation with the rates kfi and k‹, both on the scale
of the rotational diffusion times. In this case the simulation
is a complete average between two motions. As the hop-
ping rate decreases some collapse of each hyperfine line is
observed – Fig. 6b. In the situation when the hopping rates
become sufficiently slow (107 s�1) compared to the rota-
tional correlation times, the overall EPR line shape mani-
fests itself as the sum of independent contributions from
two individual modes (Fig. 6c). In cases (a and b) the
correlation time k�1

!ð Þ of the hopping component in the



Fig. 6. Bi-modal dynamics. Comparison between X-band EPR spectra
simulated by the method based on full length DTs (dashed lines) and the one
based on the single truncated DT (solid lines). The number of trajectories
used with the conventional method are the same as in Fig. 4. Individual
modes are described by (a and c) of Fig. 4. The following values for hopping
rates have been used in the simulations: (a) kfi = k‹ = 100 · 109 s�1; (b)
kfi = k‹ = 3 · 109 s�1; and (c) kfi = k‹ = 0.01 · 109 s�1.
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overall motion is on the nanosecond timescale and the
parameters (3) and (9) can be readily calculated from a
single DT. However, in the case of (c) the overall DT
becomes too long for practical application of the ‘‘rapid’’
method. The DT of such motion is shown in Fig. 7. Since
jumps are rare (k�1

!ð Þ � 10sc; one for the entire time inter-
val as seen in Fig. 7) the trajectory can be subdivided into
the parts associated with each discrete mode of motion.
This process can be assisted by considering the derivative
o�l0ZiðtÞ=ot of the parameter l 0Zi(X(t)) which is averaged over
Fig. 7. Bi-modal DT with slow diffusion between two modes
(kfi = k‹ = 0.01 · 109 s�1). (a) Directional cosine l0ZzðXðtÞÞ of spin label
orientation; and (b) �l0ZzðXðtÞÞ averaged over the intervals of 0.2 ns.
Parameters for individual modes are given in Fig. 3a and c.
the intervals of 10sc as shown in Fig. 7b. Sharp increases in
the derivative would indicate the boundary points in the
time domain. The method described in this paper can be
applied to each of the sub-trajectories individually followed
by carrying out additional averaging among sub-trajectories.
4. Conclusion

A simple and effective approach to the calculation of EPR
spectra from a single truncated DT has been introduced. The
method described requires only a small initial fraction of DT
(normally up to several nanoseconds for most spin label
motions) to achieve a desired resolution of EPR spectra.
The method has been tested for different types of spin label
motions using Brownian DTs. There are two major advan-
tages of this method. Firstly, contrary to the other
approaches which require the generation of multiple full
length DTs, this method uses a single short DT. This reduces
the amount of time for the simulation of EPR spectra sub-
stantially, by a factor of �1000, as shown by our test simu-
lations. This allows one to perform simulations of dynamical
EPR spectra on a reasonable timescale using a common PC.
Secondly, since these short timescales are realistically acces-
sible by modern MD computational methods, our method
can be applied to generate EPR spectra directly from MD
trajectories of real protein structures. This ultimately opens
the possibility of ‘‘computer engineering’’ of spin-labelled
proteins with the desired properties prior to experiment.
This should allow the prediction of sites for spin label
attachment that will produce the required level of orienta-
tion and mobility to study a particular problem. The method
can also be generalised to EPR spectra simulation for any
type of spin radical. The application of this method in com-
bination with MD simulations would allow, for the first
time, simulation of EPR spectra entirely from MD trajecto-
ries of proteins. Such applications are currently in progress.
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